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TECHNICAL  STUDIES  IN  CARGO  HANDLING  -  I 


Fornulation  of  Recurrence  Equations 
For 

Shuttle  Process  and  Assembly  Line 


by 

Richard  Bellman 


FOREWOHD 


The  series  of  reports  which  is  entitled  "Technical  Studies  in  Cargo 
Handling"  is  primarily  a  working  paper  reporting  on  the  progress  of  research 
or  the  completion  of  a  portion  of  a  larger  investigation  *  This  study  is  being 
published  in  a  tentative  fora  in  order  to  disseminate  the  information  as 
quickly  as  possible  among  the  several  srroupa  who  are  currently  working  on 
related  problems.  This  paper  may  be  expanded,  modified,  withdrawn,  or 
published  as  a  report  in  the  series  entitled  "An  Engineering  Analysis  of 
Cargo  Handling"  or  some  other  form  at  a  later  date. 
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IKTRODOCriOH 


This  is  tbs  first  of  a  series  of  reports  devoted  to  the  study  of  processes 
which  in  different  versions  have  been  variously  called  "assembly  line",  "queuing," 
"waiting  line,"  "bottleneck."  or  "scheduling  processes".  These  may  all  be  sub¬ 
sumed  under  the  inclusive  study  of  the  flow  of  men  and  materials  in  space  and 
tlna. 

At  the  expanse  of  tho  usual  artificial  discontinuity  introduced  by  classi¬ 
fication,  the  overall  study,  of  which  this  paper  represents  the  first  part,  may 
be  divided  into  four  parts j 

1.  Fonsulative 

2.  Computational 

3.  Analytic 

It.  Economic 

It  is  clear,  to  begin  with,  that  quantitative  studies  require  quantitative 
models,  which  implies,  inexorably,  a  mathematical  model  of  the  physical  system 
we  are  analyzing.  Of  great  importance  is  a  systematic  study  of  the  types  of 
mathematical  systems  which  arise  from  the  study  of  flow  processes.  As  a  start 
on  this  general  program,  we  shall  discuss  here  two  specific  processes,  one 
arising  in  cargo-handling,  a  "shuttle"  process,  and  the  other  arising  in 
industrial  production.  Although  the  processes  beer  some  structural  similarity, 
the  basic  connection  is  by  way  of  similarity  of  mathematical  treatment.  In 
subsequent  reports,  we  shall  extend  this  treatment  to  the  discussion  of  other 
flow  processes. 

In  the  classification  of  processes,  two  or^ncipel  types  may  be  distinquished 
immediately,  those  of  deterministic  type  and  those  of  stochastic  type.  A 
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process  will  be  called  deterministic  if  the  outcome  of  any  particular  decision 
or  action  involved  in  the  process  is  completely  determined  by  the  choice  of 
the  decision  or  action.  If,  however,  a  choice  of  decision  or  action  determines 
a  distribution  of  outcomes,  the  process  will  be  said  to  be  stochastic.  Which 
process  more  adequately  represents  real,  and  which  is  an  approximation,  is  a 
matter  of  individual  tacts  and  philosophy,  usually  pragmatic. 

We  shall  employ  a  mat1  omatical  technique,  the  method  of  recurrence 
relations,  which  ve  shall  demonstrate  to  be  equally  useful  for  the  treatment  of 
both  deterministic  and  stochastic  processes.  For  deterministic  processes,  the 
recurrence  relations  permit  a  simple  computation  of  various  significant 
quantities  associated  with  the  process,  such  as  delay  times  at  various  stages, 
either  by  hand  or  by  machine.  Occasionally  they  yield  explicit  analytic 
expressions  for  these  quantities.  If  the  process  is  stochastic,  the  recurrence 
relations  allow  us  to  calculate  the  distribution  of  these  quantities  by  various 
sampling  techniques.  The  explicit  relations  we  obtain  enable  us  to  replace 
simulation  methods  by  Konte  Carlo  Methods,  thereby  increasing  the  effectiveness 
of  computing  machines  with  limited  capacities.  Furthermore,  the  analytic 
expressions  focus  the  spotlight  of  cur  attention  upon  the  combinations  of 
parameters  which  are  most  meaningful. 

Finally  we  should  liko  to  point  out  that  the  recurrence  technique  is 
applied  in  identical  fashion  to  both  deterministic  and  stochastic  versions, 
in  its  initial  phase. 

In  this  report  we  shall  confine  our reives  to  an  application  of  this 
technique  to  two  mathematical  models,  the  T: link-node"  model  of  cargo -handling, 
discussed  in  (1),  (2).  and  the  assembly  line  model  uiscussed  in  (3),  (it), 

(5),  (6).  Our  object  to  derive  the  baric  recurrence  relations  which  may  be 
used  to  describe  the  process. 


In  subsequent  reports,  we  shall  uso  these  relations  to  study  the  computa¬ 
tional  and  analytic  aspects  of  the  processes.  These  two  parts  of  the  study, 
combined  with  the  contents  of  this  paper,  constitute  the  descriptive  part  of 
our  program,  wherein  we  are  concerned  with  the  question  of  determining  the 
behavior  of  a  particular  system.  Once  we  have  answered  this  question,  to  some 
degree  of  satisfaction,  we  are  then  ready  to  operate  on  the  next  level  of  the 
hierarchy  of  problems,  that  of  devising  optimal  systems,  or  that  of  improving 
existing  systems. 

Using  the  results  obtained  from  the  first  three  parts  of  the  study,  this 
problem  will  be  discussed  under  the  heading  "economics'-  in  the  concluding 
report. 

We  would  like  to  thank  Y.  Fukuda  and  M.  Pollack,  associated  with  the 
Department  of  Engineering  of  UCIA,  for  their  careful  reading  of  this  paper, 
and  for  their  many  helpful  corrections  and  comments. 
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I..  THRE3-STAGS  SHUTTLE  PROCESS 


1.  Formula tl oc 

Let  us  begin  with  a  description  of  a  thrce-stago  shuttle  process.  There 
are  four  fixed  positions.  A,  B,  C,  and  D.  with  individuals  X,  Y,  and  Z  stationed 
at  A,  B,  and  C  respectively.  The  function  of  X  is  to  carry  an  item  frcsa  A  to 
B  and  deliver  it  to  Y  there.  X  cannot  return  to  A  until  Y  has  accepted  the  item 
at  B.  Upon  receiving  the  item  from  X,  Y  conveys  it  o  C  where  it  is  delivered 
to  C.  Y  cannot  return  to  B  until  Z  has  accepted  tho  item.  As  soon  as  Z  receives 
the  item,  he  conveys  it  to  D,  and  returns  to  C  ianadistoly. 

Given  a  set  of  items,  S,  with  associated  transport,  times  for  the  various 
stages,  we  wish  to  determine  the  time  required  to  convoy  the  items  from  A  to  D, 
and  the  total  delays  incurred  at  B  and  C. 

We  shall  obtain  expressions  for  these  quantities  which  can  be  utilized  for 
a  discussion  of  both  deterministic  and  stochastic  processes. 

A  B  C  D 


X  Y  Z 


Figure  1. 

Define  the  following  Quantities  describing  the  set 
(1)  x^  *  the  time  required  for  X  to  convey 
a  tho  time  required  for  X  to  return 
delivered  the  k-^  item  to  Y. 


S: 

the  item  from  A  to  B 
from  B  to  A  after  having 


y.t  »  the  time  required  for  Y  to  convoy  tho  item  from  B  to  C» 
*  the  time  required  for  T  to  return  to  B  from  C  after  listing 
delivered  tho  item  to  Z. 
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»  the  time  required  x'cr  Z  to  convey  the  k—  item  from  C  to  O. 

8^  "  the  time  required  for  Z  to  return  to  C  from  D. 

If  the  process  is  deterministic,  wu  assume  that  the  sequences  (**),  (**), 

(yk),  (j£),  («*),  (s^)  *i*w  known.  If  the  process  is  stcchastie,  we  assume  that 
these  are  sequences  of  random  variables  with  known  distributions.  Furthermore, 
we  assume  that  these  are  independent  random  variables,  which  means  no  "fatigue", 
or  "hereditary  effects." 

Let  us  further  define! 

•  the  delay  to  X  incurred  waiting  for  I  at  B,  when  de¬ 
livering  the  item, 

=■  the  delay  to  Y  incurred  waiting  to  receive  the 
from  X  at  B, 

»  the  delay  te  Y  incurred  waiting  for  Z  at  C,  when  delivering 
the  item, 

th 

»  the  delay  to  Z  incurred  waiting  to  receive  the  kr”  item 
from  Y  at  C. 

It  is  clear  from  the  description  of  the  process  that: 

(3)  djjCX^CY)  -  0, 

Ak(X)Ak(Y)  -  0, 

since  one  factor  must  always  be  aero. 

Consider  the  following  graph: 

Xi  d?(X )  Tp  x_  vco 

I,  i - -2 - b— ^ - 1 — - H — - - \~ - I — - - h— - i - 

1  2  3 

Figure  2„ 

This  is  a  pictorial  description  of  the  activities  of  X,  giving  tne  times 
required  by  X  for  each  activity.  The  integers  k  «*  1,2,3,  ...»  signal  the  times 
at  which  X  picks  up  the  k^  item  at  A. 


(2)  dk(X) 

VT> 

Ak(T) 

Ak(Z) 
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Similarly  ve  have  the  graph : 


Figuro  3. 

This  describes  the  activities  of  Y.  The  integers,  k  =■  1,  2,  signal  the 

times  at  which  Y  picks  up  the  item  at  B. 


Finally  we  have  the  graph j 


Figure  h. 

where  the  integers  signal  the  tines  at  which  Z  picks  up  the  item  at  C. 

Finally,  let  us  now  define  the  additional  quantities! 

(U)  r^  “  the  time  that  X  arrives  at  B,  carrying  the  k**  Item, 

sk  »  the  time  that  Y  arrives  at  B,  ready  to  receive  the  k^  item, 

t^  -  the  time  that  T  arrives  at  C,  carrying  the  item, 

u^  *  the  time  that  Z  arrives  at  C,  ready  to  receive  the  item. 

2.  Basic  Recurrence  Relations 

Referring  to  the  above  time  scales,  we  have  the  following  relations  connect¬ 
ing  the  arrival  tinea  for  the  (k*l)2i  iten  with  the  arrival  tines  for  the  k^. 

<?>  'k.i  •  rk  *  "k(I)  *  *k  *  Xk.x  • 

•k.l  -  sk  *  ak<-)  *  4  *  7k  '^k(T)> 

Vi  -  \  *  **  *  yk.i  *  W50' 

Vl  '  \  *Ak(2)  *  \  *  Bk.  . 

Let  us  now  express  the  delays,  dk(X),  d^d),  Z\k(Y),^.jc(Z),  in  terms  of 
these  times  of  arrival.  We  have s 

(3)  <yx)  -  Max  (sk  -  rk  ,  0), 
dk(Y)  -  Wax  (rjj  -  sk>  0), 
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A  k(T)  -  Wax  (Ufc  -  tk  ,  0), 
A  k(Z)  -  Max  ( 0) 


3.  A  Sjaple  Observation 

A  result  which  greatly  simplifies  our  subsequent  results  is  the  following; 

(1)  <^(1)  -  d^Cl)  -  H ax  (s^  *  rfc)  0)  -  Mur  (rfc  -  ck,  0) 

"  ®k  “  *k* 

with  the  corresponding  result  for  Ak(y)  “Ak(2)j 

(2) Ak(T)‘  Ak(Z)  - 

it.  Explicit  Recurrence  Relations 

Let  us  now  combine  the  results  of  the  preceding  taro  sections  so  as  to 
obtain  simple  recurrence  relations  connecting  A  k(7>  with  Ak<a(Y),  and  <^(1) 
with  <1^(1). 

Containing  (2.2)  and  (?.2),  ve  liars: 

™  Vi* w**S*A?<*> 

*  <•*  *  ^  -  K  -  w  -  Vi(T> 

•  <*»  *  \  -  K  -  W  -  <WT>- 

Hence,  referring  to  (2.3), 

(j,Am(t)  ■  "“<Vi*Vi>  0! 

-  »x[7«k  ♦  «k  -  -  Tk<1)  -  ViOD, "oj . 

Similarly, 

(3)  ***!  -  rk+1  -  Bjc-  rk  +  dk(T)  -  dfc(X)  ♦  (jfc  +  Jk  -  (^  ♦  ^+1)  ) 

-Ak(Y) 

-  <yk  +  y i  -  (4  ♦  ^+1)  )  ^Ak(x) 

Hence, 

(*»)  dk+l<Y>  “  MftX  ^Vl  '  8k+l»  0) 

-  Max  Q-Ak(Y)  -  (yk  +  yk  -  4  -  ’W*  0  1 

Combining  (2)  end  (It),  we  hare: 

(*)  A  k+1(Y)  -  Max  J°<k  -  Max  (~  A^r)  +  ^  ,r,  0)  ,  0), 
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where  we  have  set  for  simplicity  of  notation, 

(«>  «<  k  -  *k  *  *1  -  -  Tk.j. 

/®  k  '  yk  *  4  -  V-  Vi 

We  oan  simplify  (5)  slightly, 

(7) Z\k+1(Y)  -  Max  (  ^k+  Ak00  (Ak(Y),“/ak),  0), 

which  can  also  be  written 

(8)  (  A  k(Y),  k>  c^k  ♦  A  k(Y)  )  -  Max(Ak(T)^k). 

This  is  the  fundamental  recurrence  relation,  a  basis  fox*  either  a  Monte  Carlo 
treatment,  or  an  analytic  discussion. 


Referring  to  (It), 


(9) 

<wr>  - 

MqxT"~ 

«•*  <--k_. 

L  *  Vi  -  A  -  \ 

-  «k(i>,  0  ) 

(,Tk  ♦  Yk 

"  *k  *  *k.l>  > 

This  can  be  written 

(10) 

Vl(t> 

*  Max  £ 

*k-i  *  ri-x  *  VT) 

*  Yk  *  *k  ♦  Vl1 

“2k~l 

-  *i-i  + 

yk-l  ^k  *  ■‘kUj] 

-  Flax 

Q-k.x  • 

'  Vl  *  Yk“l  *  7k  * 

vy>-  El 

or,  referring  to  (6), 

^k-i  *  VYj 

(11) 

Vi(y) 

*  Max 

G^k-l 

*  VY>  -Pv  0.  - 

-  Max  £ 

■4-1  *  Vr>E 

or 

(1?)  a^cn  -  K**  C~  p  k,  „.i  -  v1’-  3  [A'  ■dk(Y)-  3 

This  is  also  a  fundamental  recurrence  relation. 


IT .  THE  GENERAL  N -STAGE  SHUTTLE  PROCESS 


1„  Fowaalatlcn 

Although  the  above  notation  was  satisfactory  in  describing  a  three -etage 
process,  if  we  wish  to  describe  a  general  N -stage  process,  we  must  employ  a 
better  notation.  Consequently,  we  shall  begin  all  over  again,  introducing  a 
new  notation. 


0 


Pi 

-4- 


Figuro  1. 


ph-1  pn 

H - \ - \ 

Vi  XH  T 


An  item  arriving  from  0  is  picked  up  at  P^  by  X^  who  conveys  it  to  P^ 
and  waits  until  '  ^  picks  it  up.  X^  then  returns  to  to  await  the  next  itom. 
The  proeees  is  repeated  all  down  the  line,  until  j  where  transports  the 
item  to  T,  the  terminal. 


Let 

(1)  x^(i )  "  the  time  required  by  to  convey  the  1^*”  item  frae 

P,  to  P,  after  having  received  it  from  X,  _ . 

K  It  iC—1 

KM"  the  titca  required  by  X^  to  return  to  from  P^ 
after  having  eonveyod  the  i-^  item  to 
and  let  us  define  the  delays 

(2)  l^(i )  ■=  tho  ci'ilay  encountered  by  X^  ami  ting  the  i—  item 

at  Pk 

S' A,  (i)  °  the  delay  encountered  by  X>_  waiting  to  deliver  the  i~ 

IL  ^ 

ite«  at  Pk^.1 

for  k  "  1,  2,  « . N 


FiiviUy,  we  require  the  times  of  arrival, 

(3)  **k(i)  u  t!zo  vjsjo  of  arrival  of  ct  ?  ,  road?-  to  receive  tlie 

i“  item, 

8^(1)  =  the  time  of  arrival  of  X^  at  ?k+l  ,  ready  to  deliver 

the  i— ~  item. 


2 ,  CoPPactioo  Between  Delay  Tiroes  and  Arrival  Tirnon 

We  have  the  following  relations  connecting  the  n hove  quantities 


(1)  <3j;(i)  -  Kax  (s^C i)  -  rk(i)  ,  0), 
Ak(i)  -  Kax  (rk+1(i)  -  ^(i)  ,  0), 


k  -  1,  2, 


®n(i)  *°  0 


from  these,  we  conclude  that 


(2)  <yi)  -  A^'i)  -  iM(i)  -  Tk(i) 


3,  Basic  Recurrence  Relations 

Let  us  now  write  down  the  equations  c  •'-nnect'ing  r^(i+l)  and  s^i+1) 
with  r^Ci),  sk(i),  and  the  delays. 

We  have 

(1)  rk(i>l)  -  rfe(i)  +  d^i)  *  3^.(1)  +  :c^(x)  A k(i), 
ekCi>l)  -  sk(i)  +  A  k(i)  ♦  x£(i)  *  <yi+l)  +  xfe(i+l)o 

Thus 


Hence 


where 


(2)  rk(i+l)  -  9k-1(i+l)  -Ak(i)  -  d^Ci+l) 

^(i)  +  x^(i)  *-  xk^(i)  -  ^^(i+1). 

(3>Ak-1<i+1>  "  Max  Ak(i)  “  dk«.3(i'f'1>  +  k^1^0  » 

(li)^<h(i)  -  x^(i)  •>  3^(1)  -  x^x(i)  -  xk  l(3>l)« 
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Similarly,  since 


(5)  a^Ci)  -  rk(i)  -  d^fi)  ~^k(i-l) 

-  +  xk-i^>  -  Vi‘1)  -  \(i“1>> 

we  have 

(6)  dk(i)  -  Max  p  v(i)  +  dk_1(i'>  -  A  , (i-l 0~j  , 

where 

(7)  /5k(i)  -  ^(i-D  -  ^(D  -  i-1)  -  a^(i-l). 
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IH.  GENERAL  SHUTTLE  PROCESS 


1.  Storage 

Let  us  now  mention  in  passing  a  n amber  cf  modifications  of  the  above  process 
which  it  may  be  desirable  to  introduce. 

The  first  of  these  involves  storage.  Instead  of  assuming  that  Xi  is  required 
to  hand  each  item  over  to  Xi+1  at  Pi+1  before  returning  to  his  position  at  , 
let  us  assume  that  there  are  storage  facilities  at  P^+^  a-^ov^  a  number  items 

up  to  to  be  stored  there  until  can  transport  them.  This  is  a  very  im¬ 

portant  modification  since  much  of  the  delay  can  be  avoided  with  suitable  storage 
capacity. 


2.  Multiple  Shuttles 

The  process  treated  in  the  preceding  section  considered  only  one  conveyor 
going  back  and  forth  between  each  position.  A  more  general  situation  Involves 
shuttles  traversing  the  distance  between  Pi  and  P±+1  .  Schematically 


_ 
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3.  Multi  -  Stoo  Shuttles 


- 


> 


i+l 


il 
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In  some  situations,  the  same  shuttle  must  make  a  number  of  stops  before 
returning  to  its  original  position.  Schematically 

p  ^-•Pi*l,2  - 


- 


The  shuttle,  ,  stops  at  P^^  ^  and  Pi-!,2  ,  in  tliis  order,  before  returning 


to  P. 


IV  WO  STAGE  ASSEMBLY  LOVE 


I Pormulallon 

Let  us  new  turn  to  the  cons  (.deration  of  «  flow  prooeas  of  a  different  type. 
We  shall  discuss  a  simple  ssn t hsmttcal  *aoded  of  a  tiro  -  stage  assembly  line.  As 
will  be  seen  from  the  description,  the  model  Is  equally  useful  in  th©  considera¬ 
tion  of  &  number  of  other  an i ting -line  process , 

Let  us  supooa?'  that  w>>  have  two  machines,  H-j  and  M.p  ,  performing  different 
functions v  and  a  number  of  •items,  p.  which  require  processing  on  these  machines 
Let 

4*  h 

(1)  x ,  the  time  required  by  the  i~”  item  or:,  tho  first  machine, 
y,  »  *h©  v*  ie  required  by  the  I~*  .'item  on  the  sec  ond  machine, 
and  Bis  suae  that  each  item  must,  pass  thru  the  first  machine  before  going  thru 
the  second  machine 

Th©  process  la  carried  through  in  the  fol lot-ring  way.  The  first  item  is 
fed  into  H^,  requiring  a  tires  x  ,  and  then  sent  to  Mg  ,  requiring  a  time  y 
on  this  machine .  As  soon  an  the  first  ream  ha?  boon  processed  by  M  ,  the 
second  item  is  fed  in-  As  soon  as  the  second  item  has  passed  thru.  this  first 
stage,  it  Is  sent  to  Mv.  Here  there  my  or  may  not  be  a  delay,  depending  upon 
whether  M.,  has  completed  the  processing  of  tho  first  item  or  not-  The  process 
continues  in  this  way. 

Schematically 


aaiciCLjni _ 

||  > 

x  i  I  : 

^ _ 

The  problem  is  to  do  certain©  the  t-ctal  delay  incurred  in  the  processing  of 
tho  N  items,  in  the  deterministic  ease,  and  the  distribution  of  th©  delay  time* 
if  the  process  is  stochastic  . 


2  Recaro  ones  Relations 

Define  the  following  quantities- 

(1)  ■  the  delay  incurred  by  the  kiW  it aw  waiting  upon  the  second 

mar*  hine , 

th 

r  «  the  time  of  arrival  of  the  k  item  at  the  waiting  line  for 
k 

the  second  machine 
The  basic  recurrence  relations  are 


rh 


(2) 

d  -v,  * 

a-*! 

M^x  dK  i- 

---  x  .  .o  T 

n>l  *  \ 

T  ^  «• 

nil 

■ 

Using  (2) 

t  Kii  inter  as  ting  explicit  formula  for 

d„T  can  be 
« 

(3) 

dL  '*•* 
i 

0.. 

c~ 

MSI  S’  !  r-  *r 

1  j*.  C. 

‘  °  J* 

d  r- 

i 

Max  i  K*.s(y1  - 

*2  *  0)  ’  *2  * 

1  ■  5 

*>* 

Max  fy-j  -  j2  - 

*2  -  i3’  y2  ‘ 

-1  -)  y  0]  , 

.*  _ 1 

whence  it  follows  inductively  that 


N*1 


(U  >  d,.  «  Max  Max  |  \— 

A  n- i  : 

L  '■  j  i“k 

The  result  ie  due  to  5 ,  Johnson,  (U) 


N 


i«=k  -1 


0 


3  Optimal  AiTangeniant 

In  the  deterministic  case,  an  interesting  problem  is  that  of  determining 
the  order  in  which  the  items  should  be  fed  into  the  machines  ho  as  to  minimize 
the  total  time  required  by  the  process.  This  problem  was  resolved  by  S.  Johnson, 
Ui),  using  the  explicit-  expression  given  in  (2,’j).  and  by  the  author,  (3),  using 
the  functional  equation  technique  of  dynamic  programming.  In  this  latter  paper, 
continuous  versions  of  trie  process  are  also  discussed 


Although  the  two  stage  process  can  be  treated  in  s  number  of  ways,  the  three 
stage  process,  and  general  N  stags  process,  so  far  have  resolutely  defied  either 
an  analytic  or  computational  approach 


It 
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Formulation 

Let  us  now  consider  a  corresponding  three  >  stage  process 

Let 


(1) 

the 

time 

required 

by  the 

the 

time 

required 

by  the 

*■ ,  * 
i 

the 

time 

required 

by  the 

Schematically 

Mo 

['inn  tur~L 

a\  H _ JS*, 

..  nil 

I  tunas 

Jv\S 

ril 

Further , 

let 

da  “  the  delay  Incurred  by  the  T~  *  item  waiting  on  the  second  machine, 

A  L. 

*'  the  daisy  incurred  by  tbs  i-—  item  waiting  on  the  third  machine, 
r^  *  the  time  of  arrival  of  the  i-~  item  at  the  waiting  line  for  the 
second  machine 

a.  ~*  the  time  of  arrival  of  the  !•-  -  xtem  at  the  waiting  s±n&  for  the 
i 

third  machine 

These  last  two  times  are  times  of  arrival.  The  times  at  which  the  items 

are  processed  are  the  arrival  times  plus  the  delay  times. 

?  .  Recurrence  Relations 

The  basic  recurrence  relations  are 
k 

(1)  <■  '  1~  *  r 

It  i-  y 

s  •>*  t  -t  ri  y 

*  k  v.k' 

d ,  “  Max  !  -  r,  *  ( r.  »  d  .  +  y„  ) .  0  .. 

K  k  K  K;  i  k  -  i  '  _  I  ' 

“  Mex  -  a  *•  4  y  \  •»  t  ),  0  ' 

ic  ’  k 


i  GO. 


Thess  mny  b«  simplified  iju 


U)  dt  -  Kax  gtl  -J'k  ,  ^  ,  OJ 

At  -  M«  |Ak  Vl  *  Vi  *  V.i  ‘  *fc  \~~i 


Furthermore  t  an  explicit  expression  .orrespondinrr  to  h )  can  be  obtained, 
aee  Johnson ,  ( U ) 
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73 .  N  STAGE  PROCESS 


1  Formulation 

A »  before,  we  must  introduce  a  now  notation  to  treat  tbs  N  -  stage  process 
We  suppose  that  there  are  N  machines,  ,  ..  ,  Kjj 

dJXJUJI  JIZL _ ^ 

Item* 


Let 

(1)  ^(k)  -  the  time  required  by  the  i”®  item  on  M  ,  k-  1,2, .. ,  -  ,N., 

*■  ic 

i  «  1#2,  '*i 

d ( k )  »  the  delay  incurred  by  the  i~~j  itara  waiting  on  the 

machine 

s-  (3c)  ,B  the  time  of  arrival  of  the  item  at.  the  waiting  line 
for  the  k—  machine 


Recur  renc  e^RelatiOTis 

The  basic  recurrence  relations  are 

(1)  (a)  ^(k)  «  r±(k  i)  *•  cLCk-'i';  *  ^(k-1) 

(b)  dj (k)  *  Max  *\j  .^(k)  +  d^Ck)  *■  x±  ^k)  ~  r±{k)  y  01 


PROCESS 


FIT..  ASSEMrtE  LINE  AND  .SHUTTLE 


I .  DlSCUSSiOHl 

A  number  of  13  cw  processes  e.cmb Ine  features  of  both  the  assembly  line  model 
and  the  shuttle  model  Consider  «  situation  where  there  are  a  number  of  ''machines'’, 
,  . ,  ,  ,  placed  in  this  order,  and  a  number  of  Items  which  must  pass 

thru  these  machines  or  stages  Sch  aatically 


H. 


M, 


1 

Er 


1 


p. 


T;  . 

r^v 


Ip? 


P. 


ESSs? 
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The  item  Is  received  at  &r»d  placed  on  the  waiting  line  for  the  machine 
After  having  gone  thru  the  machine,  it  is  placed  on  a  waiting  line  for  conveyance 

‘The  process  continues  in  this  way. 

We  shall,  postpone  any  pres  Ice  formulation  of  more  general  processes  of  this 
type  until  a  later  time,  since  our  numerical  and  analytic,  pilot  studies  will 
center  about  the  simpler  models  discussed  in  the  foregoing  pages 


from  P,  to  P,  „ 

k  kOL 
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